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Abstract 

We give a pure algebraic method to construct all the infinite families of sur- 
faces S with isotrivial canonical fibration where S is the minimal desingulariza- 
tion of X = Z/G and G is an Abelian group acting diagonally on the product of 
two smooth curves: Z = F x D. In particular we recover all the known infinite 
families of surfaces with isotrivial canonical fibration and we produce many new 
ones. Our method works in every dimension and, with minor modifications, it 
can be applied to construct surfaces with canonical map of degree > 1. 

Introduction. 

An infinite family JF = {St}teT of surfaces is a set which intersects an infinite 
number of irreducible components of the moduli space of all surfaces of general type: 
that is, for every natural number G there exists t E T such that xi^St) > ^i 
where is the canonical sheaf, xi^s^) = l—q{St)+Pg{St), Pg{St) = dim^H'^(St, KsJ, 
q{St) = dim^H\St,Ks,). 

After Beauville showed that for some families of surfaces with Pg ^ the image 
B of the canonical map ^\Ks\ '■ ^ ^ ^{H'^iS, Ks)*) is a curve, it was worthwhile 



taking the trouble to establish a geography of these surfaces; other authors |ll6|, [p!7 
[P], [0, [|10|, jlQl developed the project. It was known soon that: a) if 5 is a curve 
and xi^s) > 21 then $|Xs| is a morphism and 2 < < 5 where g is the genus of the 
fibre, see [proposition 2.1]; b) B is the rational normal curve of degree — 1 or the 



elliptic normal curve of degree Pg and < q{S) < 2, |17|. So far some infinite families 
of surfaces with canonical fibration 01^51 : S —>■ B oi genus g = 2 or g = 3 have been 
found; they split into two cases: i) (piKs] : 5 — > 5 is an isotrivial fibration, that is, 
the smooth fibres are isomorphic each other; ii) it is not an isotrivial fibration; for this 
second class we refer to B where the reader can find a complete bibliography. 



*Research carried out under the project "Geometria Algebrica, Algebra Commutativa e aspetti 
comutazionali" (coordinatore nazionale Claudio Pedrini). 
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The purpose of this article is to present a uniform and algebraic procedure to 
construct infinite families of surfaces with isotrivial canonical fibration; see Theorem 
2.5 . Moreover we will show that the case g = 5 does not occur as Xiao conjectured 
in and we will construct explicitly all the genus < 3 isotrivial canonical fibrations 
f : S B where S is the minimal desingularization of X = Z/G and G is an 
Abelian group acting diagonally on the product surface Z. All the known examples of 
infinite families can be recovered from our method and it can be generalized naturally 
to varieties of dimension > 2. Finally we should point out the rich and unknown 
geometry that the following two theorems show. 
Theorem (The case | G |< 8): 

Let S be a minimal desingularization of the quotient Z/G where Z is the product surface 
F X D and G is an Abelian group acting faithfully on the curves F , D and diagonally 
on Z ; set A = F/G and B = D/G. Assume that the canonical map of S factorizes 
through 112 ■ X B. If Pg{S) = m — 1 > 3, |G|<8 and g{F) < 3 then only the 
following cases occur: 



9iA) 


9iB) 


G 


9iF) 


9iD) 










Z/2 X Z/2 


2 


2m - 1 


Am 








Z/2 X Z/2 


2 


2m - 2 


4m — 6 








Z/2 X Z/2 


2 


2m -3 


4m - 8 





1 


Z/2 X Z/2 


2 


2m - 1 


4m - 4 


1 





Z/2 


2 


m 


Am - 4: 








Z/2 X Z/2 


3 


2m - 1 


8m 








Z/2 X Z/2 


3 


2m -2 


8m- 12 








Z/2 X Z/2 


3 


2m -3 


8m — 16 








Z/2 X Z/2 X Z/2 


3 


4m + 1 


8m 








Z/2 X Z/2 X Z/2 


3 


4m — 1 


8m - 4 








Z/2 X Z/2 X Z/2 


3 


4m — 3 


8m -8 








Z/2 X Z/2 X Z/2 


3 


4m — 5 


8m- 12 








Z/2 X Z/2 X Z/2 


3 


4m — 7 


8m — 16 





1 


Z/2 X Z/2 


3 


2m - 1 


8m -8 





1 


Z/2 X Z/2 X Z/2 


3 


4m — 3 


8m -8 


1 





Z/2 X Z/2 


3 


2m - 1 


8m -8 


1 





Z/2 X Z/2 


3 


2m - 2 


8m- 12 


1 





Z/2 X Z/2 


3 


2m -3 


8m — 16 


2 





Z/2 


3 


m — 1 


8m — 16 



If I G |> 8 only the case G = Z/2xZ/8 occurs, but it produces many different infinite 



families; see the proof of |4.6| and the proof of [4.7| for the last entry of the next table. 
More precisely: 
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Theorem (The case | G |> 8): 

// I G |> 8 then G = Z/2 x Z/8, g{F) = 3, g{A) = 0. Moreover the actions are 
completely described and if m > A only the following invariants occur: 



9{B) 


P9 


9{D) 







m 


8m — 1 


8m — 6 





m — 1 


8m — 5 


8m — 16 





m 


8m — 5 


8m- 10 





m — 1 


8m - 9 


8m -20 





m + 1 


8m + 4 


8m 





m 


8m 


8m - 4 





m — 1 


8m - 4 


8m -8 





m 


8m 


8m — 3 





m — 1 


8m - 4 


8m — 7 





m — 2 


8m - 8 


8m- 11 





m 


8m + 3 


8m 





m — 1 


8m — 1 


8m - 4 





m 


8m — 1 


8m - 4 





m — 1 


8m — 5 


8m -8 





m — 1 


8m - 9 


8m- 12 





m + 1 


8m + 12 


8m + 7 





m 


8m + 8 


8m + 3 





m — 1 


8m + 4 


8m — 1 


1 


m 


8m + 1 


8m 



(2) 
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exclude the genus-5 case and the group of geometers of Dipartimento di Matematica del 
Politecnico di Torino, where I wrote the first version of this paper, for their supportive 
attitude. 
Notations. 

S will be a surface with canonical map composed with the pencil f : S B and also 
it will be the desingularization of X = F x D/G where G is an Abelian group acting 
faithfully on the two curves F, D with quotients F/G = A and D/G = B and acting 
diagonally on F x D. In particular / will factorize through the projection X B and 
F will be its fibre. Since we will be concerned with product surfaces we will denote by 
capital letters also the points of A, B, D, B whenever it can arise no confusion. 



3 



1 The diagonal action 



An action of a group G on a variety Z is called faithful if no non-trivial element of G 
acts trivially on Z. Let us consider an analytic faithful action of a finite group G on 
Z. The isotropy subgroup (stabilizer) of a point P G Z is the subgroup Gp of elements 
in G fixing P. An action is free if Gp = {1} for every P E Z. Let X = Z/G he the 
quotient variety with the natural projection ttg '■ Z ^ X. A point P E Z is called a 
ramification point if ttq is ramified at P and 7f g{P) = [P] is called a branch point. It is 
well-known that all points in tiq^ [P] have the same multiplicity by hg and this number 
is called the branching order of [P]. If G acts on two smooth curves F, D, we can define 
the diagonal action on Fx by {xi,X2) ^ (7x1, 7x2) for all (7, Xi,X2) G GxFxD. We 
consider a finite group G acting faithfully on two smooth curves F, D and we denote 
Z = F X D, A = F/G, B = D/G. Set X = Z/G for the quotient by the diagonal 
action and denote hj tta '■ X ^ A, hb ■ X ^ B the two projections. In particular 
IT B '■ X ^ B is a constant moduli fibration meaning that all the smooth fibres are 
isomorphic to F. A similar description applies to tta : X ^ A: its smooth fibres are 
isomorphic to D. Since the stabilizer of a point P of a curve is a cyclic subgroup of G 
then the finite map ttg '■ Z ^ X is branched at the isolated points [(xi,X2)] such that 
[(7x1,7x2)] = [(xi,X2)] for some 7 G G \ {id}. These points are precisely the singular 
locus of X, in view of the purity of branch locus theorem. In particular X has cyclic 
quotient singularities, hence Hirzebruch-Jung singularities only. Then if u : S X is 
the minimal desingularization of X, p. 64], the fibre of u over each singular point 
of X is an Hirzebruch-Jung string [cf. 0]]. Such desingularization is called a standard 
isotrivial surface after Serrano and the induced fibrations fi : S ^ A, f2 : S ^ B 
are called standard isotrivial fibrations. In the rest of this paper G will be an Abelian 
group acting faithfully on the smooth curves F, D and we will also assume g{F) > 2 
and g{D) > 2. Let A : G x Z Z he the diagonal action with quotient Z/G = X 
and with quotient map p : Z — > X. Since G acts freely on Z outside a finite set of 
points {Pi, ...Pi} C Z with non-trivial stabilizer Gp-, X is a normal surface with only 
isolated rational singularities [0 Satz 1.7]. Let Sing(X) = {p(Pi), ...p{Pt)} C Z he the 
singular locus of X and let j : Xq ^ X be the natural inclusion. By well-known results 
on isolated quotient singularities cf . [|1^ [Theoreme pp. 169] we have Ox = j-kOxo = 
(p*(9z)*^ and ux = j-k^Xo = {p*^z)'^- Moreover, since G is Abelian, there is an action 
a : G X X ^ X induced by a : G x Z — > Z defined by a : {g; (x, y)) 1— *• (^^x, y). We 
call a the quotient action. We set Y = X/ G and by a trivial computation we obtain 
Y = Ax B. 



The next proposition is an extension of proposition 4.1 in [|TT| to a surface with 
isolated rational singularities. 

Proposition 1.1 Let a : G x X — > X be an action of an Abelian finite group G on a 
surface X with isolated rational singularities and let ttg : X — > X/G be the projection. 
Set X/G = Y and assume that Y is a smooth surface. Then for all x £ G*, where G* 
is the group of characters, there exists an invertible sheaf on Y such that 
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where G acts on via the character x O'nd the invariant summand Li^ = Oy- 
Furthermore we also have a decomposition into invertible sheaves of ttg^,ujx such that: 

Hi) (vtg^co'x)'^ = u;y (g) L^-i 



where G acts on {7TG^,^^x)^ via the character x- 



Proof, i). Since X is normal, Y is smooth and G is Abelian then by |Tl]], ttg is flat and 
the action a induces the desired splitting on ttg_,Ox- 

ii). Let Sing(X) be the union of the singular points of X, Xq = X \ Sing(X), 
Yq = Xq/G and let j : Xq ^ X , i : Yq Y , tCq : Xq —>■ Yq be respectively the natural 
inclusions and the projection. Since ttq is a smooth G-cover then by [|r^ [prop 4.1] there 
exist L° G Pic(yo) such that vr^.Cxo = ©xeG*(^°)"^ and {tt^g^coxo)^ = ^Yo ® 
Since Y, Yq are smooth and Y \Yq is a finite set of points then by part i) we have 
i*L^ = L° and i*UY = ujyq then ^^(cuyo ® = ujy ® L^-i. We want to show that: 



(t^g^ujx)^ = ljy 



X 



Since Ux = 3*^Xo then i^vr^^cjxo = ttg^cjx- On the other hand i^((7r^^co'xo)^) and 
{i^,^XQ^uJx^^^ coincide outside a finite set of points and ii^i^ijiQ^uxoY) = (^^^r^^cuxo)^ 
since Y is smooth (normal). Then {jg^^jx)^ = ii^i^iuyo ® = ojy ® L^-i. H 

If G is an Abelian finite group acting faithfully on two smooth curves F and -D, the 
diagonal G-action on the product surface Z = F x D and the quotient action on the 
surface X = Z/G forces some structure on the invariants of X which can be read from 
the G-action on F and D. Then we are led naturally to the following definition: 

Definition 1.2 Let G be an Abelian group acting faithfully on two smooth curves, F 
and D where g{F) > 2, g{D) > 2. Let Z = F x D and let A : G x Z ^ Z be 
the diagonal action with quotient Z/G = X . We will say that X is a G- sandwich 
surface with top F x D and base Ax B, where A = F/G, B = D/G. 

The next lemma relates the invariants of a G- sandwich surface X with the invariants 
of the curves which produce X. 

Lemma 1.3 If X is a G- sandwich surface with top Z = F x D and base Ax B then 

H\x,n\)= H\A,n\)®H\B,n\) 

H\X,uox)= H%Z,u;zr 
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Proof. Let u : W —* X he a minimal resolution of X. By [^[satz 1, p. 99] we have 

H%W,nl^)= H%A,n\)®H%B,n],); 

Since X has rational singularities then z/*fiy(/ = ^^f^x,, =dcf and z/^tuvK = ux- The 
claim is now obvious. H 

If X is a G-sandwich surface with top Z = F x D and H^{F,Q]p) = ©^gG*^i,x) 
H^{D,Q\)) = (Bx£G*y2,x are the decompositions in subspaces where G acts on Vi^^ 
the character x, there is a nice decomposition on the vector space H^{X,u)x) which is 
a sort of Kiinneth formula for an Abelian quotient of a direct product. 

Theorem 1.4 Let X = Z/G be a G-sandwich surface with top Z = F x D and 

base Y = Ax B and let = ®x&g*Vi,x, H^iD,^]^) = ©^ec-Va.x be the 

decompositions in subspaces where G acts on Vi^^ '^'^'^ character x- Then 

Proof By |0| H^{X,uJx) = H^{Z,n%)^. On the other hand by the Kiinneth for- 
mula H\Z,nl) = {H^{A,n\) (g) H%B,n]^)), then H'^{Z,nlf = {H^{A,n\) (g) 
H^{B,n],)f, that is H^iX,cux) = (©^,^'eG*^ix ® V2x'f = ®x6G*^ix ® V^2x-i- H 

We have looked at the roof of X. Now we pay attention to the floor and we discover 
that the pieces of the decomposition H^{X,u!x) = ©xeG*^i,x ® ^2,x-i induced by the 
diagonal action can be related to the pieces on Y produced by the quotient action a. 

Proposition 1.5 With the same hypotheses as for Theorem |7]^, let ttg '■ X ^ Y be 

the projection obtained by the quotient action a with associated splitting: ttq^Ox = 
(Bxec-L'^ ■ Then for all x ^ G* we have 

H\X,u}xY - H%Y,UY ® VO - Vi,x ® ■^2,x-i- 

Proof By ^ (ttg^cjx)^ = cuy ® L^-^- Then H^{X,uJxY - H^{Y,ujy ® L^-i). On 
the other hand the action a is induced by the action a : G x Z ^ Z which operates 
trivially on the second factor. Then by |1.4] we have ljx)^ = ^i,x ® ^2,x-i! ^^^at 

is H°{Y,ujy ® L^-^) = Vi^x ® '^2,x-i- ^ 

2 Surfaces with canonical map composed with a 
pencil 

Surfaces do not usually come equipped with a fibration, but when they do and if the 
fibration is the map associated with the canonical linear system, the interplay between 
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the genus and other additional structure on the fibres, the genus of the base curve and 
the invariants naturally attached to the surface provide a great deal of information. 

A surjective morphism with connected fibre F, f : S B of a. smooth projective 
surface S onto a genus b smooth curve B is called a genus b pencil of curves of genus g 
if g is the arithmetic genus of F. From now on we assume that 5" is a surface of general 
type with Pg > 2. We say that the canonical linear system | Ks \ is composed with a 
pencil if the canonical image S = $|;^-g|(5') is a curve; in this case let e : 5* ^ 5* be 
the elimination of the base points of the moving part of | Ks |, then, taking the Stein 
factorization, we get a genus-6 pencil f : S ^ B and a morphism 5 — E. We call 
the induced fibration f : S ^ B the canonical fibration. Since we will deal with 
singular surfaces we will recall Beauville's definition of canonical map for a singular 
surface of general type, [pp.127]: 

Definition 2.1 Let X be a singular surface. Let v : S X be a birational morphism 
where S is a smooth surface. The rational map ^\Kx\ =def ^\Ks\ ° i'^) '^ called the 
canonical map of X . Moreover we put pg{X) = Pg{S) and one says that X is of general 
type if S is of general type. 



Let us assume that the surface X is of general type; by the unicity of the minimal model, 
the definition of ^\Kx\ does not depend on the choice of z/. In particular is a 

curve if and only if $|;<-g|(S') is a curve. Now we define a suitable class of surfaces with 
canonical map composed with a pencil. This class includes all the known examples of 
surfaces with isotrivial canonical fibration; see: 0, |]16|, Jl^, pO |. 



Definition 2.2 We shall say that S is a G-sandwich canonically g-fibred surface on B 
with top F X D and base A x B (G- canonical for short) if 1) S is a smooth model of 
a G- sandwich surface X with top F x D and base Ax B [see 2) (^\Ks\{S) = B, 
g = g{F); 3) the induced fibration f : S —>■ B factorizes through ttb : X — > 5. 

In the following theorem we will prove an effective method to characterize G-sandwich 



canonically ^f-fibred surfaces. This theorem relies on theorem 1.4 



Theorem 2.3 Let X be a G-sandwich surface with top Z = FxD and base Y = Ax B 
with Pg >2 and let u : S ^ X be a minimal desingularization of X. Let H^{F, Q}p) = 
©xeG*^i,x; H'^{Dj^d) = ©xgg*V2,x be the decompositions into subspaces where G acts 
on Vi^^, i = 1,2, via the character x- Then S is a G-sandwich canonically g-fibred 
surface on B if and only if there exists an unique Xo ^ G* such that the following two 
conditions hold: 

ii) dimcVl,^o = 1> dim(cV^2,xo ' = Pa- 
Proof. If there exists an unique Xo ^ G* such that dim(cVi^^Q ^ 0,dim([;V2 .^-i ^ 
then by ^]T] and |L5| H^{x, Ux)^ = for all x Xo- particular by |L5| H^{X, ux) = 
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^i,xo ® ^2xo^^ ^o"^) if dimcVi^^Q = 1 and 0, G c^x), then = is a 

meromorphic function which depends only on y E B; whence ^\Kx\ factors through 
f2 : X B. Conversely, if ^\Kx\ is composed with the pencil f2 : X ^ B and 
there exist x^X ^ G* such that Vi^^ ® ^2,x-i and V^^^' ^'-i 7^ or there 
exists xo £ C* such that (dimcVi,;^,)) x (dinicVg -1) > 2(dim([;V"2 ^-i) then there exist 
^72 £ H^{F, Qp) and ai, (T2 G H^{D, Q]^) such that Ui = rji A ai, i = 1,2 are 2-forms 
on X and they induce a moving linear system on the fibres F of f2 '■ X ^ B. In 
particular can not be a point; a contradiction. The same argument shows 

that dim(cVi_j(.„ = 1 and dimc^Vg^-i = Pg. H 

Surfaces with canonical map composed with a pencil are very exceptional in the 
theory of surfaces of general type. In particular there are strong bounds on some of 
their invariants. The next proposition is a specialization of these bounds to the case 
of a G-sandwich canonically (7-fibred surface. 

Theorem 2.4 If S is a G-sandwich canonically g-fibred surface on B with top F x D 
and base A x B with Pg{X) > 11 and g = g{F) then 2 < g < 5 and only the following 
cases can occur: 

A) giA) = q{X) < 2 and g{B) = 0; 

or 

B) g{A) = and g{B) = q{X) = 1. 
Moreover if Pg > max{85 — 2g(X),44} then g = 5 does not occur. 

Proof. By ^3] there is a birational morphism rj : S ^ X where ^\Ks\ is composed with 
the pencil f = f2 ° V- It is easy to see that the moving part of | Ks \ is without base 
points. In particular F is the generic fibre F of f and then the bound 2 < g < 5 on g{F) 
is in [^[Proposition 2.1]. Since q{X) = g{A) +g{B) then A) and B) are easily obtained 
by [|T^ [proposition]. Now we show that g = 5 and Pg > 44 does not occur. In fact if 
g = 5 then by ^ (see also ^) Ks = 8H + V + f^l^f) where Pg{S) = h°{B, 0^(7)), 
VF = 0, HF = 1. In particular if g{B) = 0, KsH > 3 since Pg > 44 and KsH > 1 if 
g{B) = 1. Theni^l > 8{pg{S)+2) if g{B) = and K| > 8{pg{S) + l) if ^(5) = 1. On 
the other hand by [p!4| [Proposition 5.3] the Euler characteristic satisfies: 2c2{S) > Kg, 
i.e. €2(3) > 4:{pg{S) + 2) in case A) and C2{S) > 4:{pg{S) + 1) in case B) : a contradic- 
tion with the Noether formula. H 



^From Theorem p.4| we see that to produce a G-sandwich canonically ^f-fibred sur- 
face with large invariants we must try to construct surfaces with Pg{S) 3> 0. On the 
other hand the above restriction on the genus of F, A, B enable us to build all the 
G-sandwich canonically (7-fibred surfaces. In fact the two conditions in theorem p.3| 
show a procedure to manifest all these surfaces. The following remark will be useful: 
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Remark 2.5 If S is a G-sandwich canonically g-fibred surface on B then there exist 
7] G H^{F,Q],), uji, ...,ujpg(^s) e H^{D,Vl\j) such that 

{riAuJi,...,riAujp^^s)) 

gives a basis of H^{S,u!s) ■ Moreover dw{r]) G Div(F) is a G-invariant divisor on F. 
Proof. The proof is trivial if in we put Vi^^^ = r/C and ^ ^-i = (Bi=i^uJi€. H 

We will be concerned mostly with G-canonical surfaces where G is a product of some 
copies of 2/2. In-fact we will use tacitly the following description of quotient surfaces 
X = Z/G where all the stabilizers are isomorphic to Z/2. 



Theorem 2.6 Let Z be a nonsingular surface with G acting freely outside the finite 
set of points {Pi,...Pt} C Z with stabilizer Gp^ = 7Lj2 for i = l,...,t. Let n : Z 
X = Z/G be the quotient map and let v : S X be the minimal resolution (i.e. the 
blow up of the t nodes of X). Then if n =\ G \ we have: 

i) Kl = Kl = },Kl 

^0 x{Os) = x{Ox) = \{x{Oz) + \) 

Hi) If Z is a minimal surface of general type then so is S. 

Proof. See cf. |l[p. 295]. H 

Finally we recall that the aim of this paper is to look into infinite families of sur- 
faces with isotrivial canonical map. By [^j [Proposition 1.7] the minimal surfaces S 
of general type with xi'^s) < N (or Kg < N or pg < N) are in a limited family. 
Then, given m G 2'*', m ^ we want surfaces with pg = m and isotrivial canonical 
fibration. By the irregularity q = q{S) = g{A) + g{B) is at most 2 and if Pg ^ 0, 
2 < = g{F) < 4. All known examples are with g = 2 ot g = 3. We postpone the 
case g = 4: and the exceptional limited families with (7 > 5 to a forthcoming paper. We 
will classify all the G-sandwich canonically (/-fibred surfaces with 3> and g = 2 or 
g = 3. The seven cases to classify are listed below (see |2^ ): 



Case 


9{F) 


9{A) 


9{B) 


5(2) 


2 





1 




2 










2 


1 





5(3) 


3 





1 


^0 


3 








Af 


3 


1 





Af 


3 


2 






(3) 
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3 g{F) = 2 



The outline of the classification proof of infinite families of G-sandwich canonically 
2-fibred surfaces is the same as that of genus-3 case. On the other hand it is easier and 
it is clear how it works. We describe all the genus-2 infinite families even in the known 
cases. Moreover we will prove a unicity theorem which was a gap in this theory. We 
will need the following well-known result: 



Lemma 3.1 If G is a finite Abelian group acting on a smooth curve G then G 
has at least two branch points . 

Proof. See cf. [|T4| [Lemma 5.7]. H 



G/G 



Theorem |2.3| works if we have classified all the G-actions on a curve F of genus 
2 with an invariant canonical divisor: 



see remark |2]5 
\^G*Vi,x has to be computed: 



In particular the splitting 



Lemma 3.2 Let G be an Abelian group acting on a smooth genus-2 curve F with 
quotient F/G = A. Let rj G H^{F,Q];,) be a 1-form such that dw{7]) is a G-invariant 
divisor and let H'^{F,Qp) = (Bx<^g*Vi,x be the decompositions into subspaces where G 
acts on Vi^x via the character x- Then only the following cases occur: 



9iA) 


G 


H%F,n].) 


1 


Z/2 







Z/2 







Z/3 


Vi,x © Vi,x' 





Z/4 


yi,x © ^i,x^ 





Z/5 


yi,x © ^i,x^ 





Z/6 


yi,x © yi,x' 





Z/2 X Z/2 


y,x. © ^i.x2 



(4) 



where x is a generator of (Z/rf)* if d = 2, 3, 4, 5, 6 and xi, X2 generate (Z/2 x Z/2)'' 



Proof. The claim follows from |3.1| and from the well-known argument by Hurwitz to 
compute all the possible ramification indexes. H 



Our aim is to classify all G-sandwich canonically 2-fibred surfaces with pg ^ 0. We 
start with the case in table 

Proposition 3.3 If S is a G-sandwich canonically 2-fibred surface on an elliptic curve 
with Pg{S) = m > 2 then S is the minimal desingularization of X = Z/G where 
G = Z/2 X Z/2 and it acts diagonally on Z = F x D, g{F) = 2, g{D) = 2m + l, 
g{A) = 0, g{B) = 1. Moreover X has 8m nodes, ^\Ks\ ^■^ composed with the pencil 
S andK^ = Ax{Os). 
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Proof. Let S" be a G-canonical surface with ^\Ks\ composed with the pencil f2'.S—^B 
where g{B) = 1 and g{F) = 2. By |2]^ there is a G-invariant 1-form on F. By p.2| 
all these G actions are known. Then we have to study all the G-covers D —>■ B such 



that the decomposition families {Vi^^}^^g*, {^2,x}xeG* satisfy the condition of |2.3|. In 
particular we want the character xo- Since g{B) = 1 then by g{A) = 0. Now we 
follow the hst in Stable (|). 

The case G — 2/2 is impossible. In fact H^(^F,Q^) — ^i,xo' then dimq^Vi^i^-y — 2 



contradicting 2.3 



The cases G = Z/d where d = 3,4,5,6 are impossible. The proofs are the 
same. We explain the proof of = 3 only. The Galois map ^ i? is given by 
C^,C^2 e Pic(S) and two effective divisors Di, D2 such that: 



3£x = Di + 2D2 
= 2/3-^ — D2 



(5) 



By PI we have ¥2,^ = or ¥2,^2 = 0. Since ^.x^ = H%D, n\))^ = H%B, OBiC^)) ^ 
then l^2,x = 0. Since ¥2,^ = Cb(£^2 j), deg(£^2) = 0. We set deg{C^) = Z^, 

deg(Di) = di, deg(Z)2) = '^2- Taking the degrees, we have 3/;^ = di + 2^2 and 21^ = d2, 
that is = di = d2 = 0. In particular Pg{S) = 0. 

G = Z/2xZ/2. In this case the covering D ^ B is given by the data 
£^^,£^2)'^X3 ^ Pic(i?) where {l,Xi5X2,X3} = and three effective divisors on B, 
Di, D2, -D3 such that: 



2C^,= D, + D3 
2C^,= D2 + D, 

^X'-i ~ ^Xi ~^ ^X2 ^ -^3 



(6) 



By ^ and ^ ^.xi = or V2,X2 = 0. Assume = V2,xi = H^iB,OB{C^,)- In 
particular deg(£^J = 0. Then, taking the degrees, we obtain /^^ = di = d^ = 0, 
2/^2 = ^2, = ^X3- Since Di is effective we have Di = D3 = and C^i is a 2-torsion 
non-trivial divisor since D is connected. Now if we set 1^2 = m we have the claim. H 

Remark 3.4 This unique family is described by Beauville in [Example 2.6 p. 127]. 

Now we describe the case Al in the table (|^). 

Proposition 3.5 If S is a G-sandwich canonically 2-fibred surface on a rational curve 
with q{S) = 1, Pg{S) = m > 2 then S is the minimal desingularization of X = Z/G 
where G = Z/2 acts diagonally on Z = F x D, g{F) = 2, g{D) = m + 1, g{A) = 1, 
g{B) = 0. Moreover X has Am nodes, ^\Ks\ ^■^ composed with S ^ B and Kg = 
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Proof. We suppose that | Kx \ is composed with /2 : X — > 5 where g{B) = 0. 
Since 1 = q{X) = h^{Z,Q\)'-' then g{A) = 1. Furthermore, by definition, g{F) = 2 
and therefore by G = 2/2 and = fi).)^'^ © where 

G* = {1, x}- From |2.3| it follows that each hyperelliptic covering D —>■ B branched on 
2m + 4 points gives a solution. H 

Remark 3.6 This infinite family is described also by Beauville in ^[Variante p. 126]. 

We finish this section with the case in the table As far as we know there are 
examples for the case only in [Q. 

Proposition 3.7 If S is a G-sandwich canonically 2-fibred surface on a rational curve, 
with q{S) = 0, Pg{S) = m — 1 > 2 then S is the minimal desingularization of X = Z/G 
where G = Z/2 x Z/2 acts diagonally on Z = F x D, g{F) = 2, X has t nodes and S 
is in one of the following three classes: 

I) g{D) = 2m-l K^^ = AxiOg) t = 8m + 8 
II) g{D) = 2m - 2 = AxlOs) - 6 t = 8m + 12 
III) glo) = 2m - 3 = AxlOs) -8 t = 8m + 16. 



Proof. We can exclude the cases G = d = 2,3,4,5,6 of 3^ as in 3^. Let 

G = 2/2 X 2/2. Since B = IP^ then Pic (iP^) = 2 and to obtain the solutions we need 
to solve the degree system associated to (@) with the condition II^[B,ujb{C^^)) = 0. 
Since {B , u b{C^^)) ^ H^{IP^, Oipi{l^, - 2)) = and deg{C^J > the constraint is 
deg(£^J = 1. Taking the degrees in (H) we obtain: 

/) di = 2, c?2 = 2m, ds = 0, /^^ = 1, l^^ = m,l^^ = m + 1 
//) di = l,d2 = 2m — l,ds = 1, = 1, l^^ = ml^^ = m 
III) di = 0, (^2 = 2m — 2, (is = 2, l^^ = 1, l^^ = m,l^^ = m — 1, 

which are the desired solutions. H 

We have shown the cases with g{F) = 2 in the table (p. 



3.1 The geometrical construction of the three famiUes of |3.7| 

We want to construct the surfaces of p.7| in a more geometrical way. We consider five 
distinct points Qi, (52, Q3, Q4, £ = A. Let pe '■ E A and p^' : E ^ A 
be the 2/2- covers branched on Qi, Q2, Q3, Qa and on (^2, Q3, Q4, Q5 respectively. Set 
PE\Qi) = Qf.^ = 1,2,3,4, Pe\Q,) = Pf + Pi and set p-JiQ,) = Qf\ i = 2,3,4,5, 
p~^{Qi) = Pf' + P/. Moreover let ie : E E, ij^' : E' ^ E' be the involutions 
associated to pE, Pe' respectively. Let C be the normalization of the fibre product 
E xa E' , thus g{C) = 2 and the natural map pi : G ^ A is a G = 2/2 x 2/2- 
cover. We call pi^iQi) = Qfi + « = 1, 2, 3, 4, 5; in particular p\{Qi) = 2Qg + 2Qg 
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where i = 1,2,3,4,5. By abuse of notation we put G = {iE,iE')- Then E = C/{i^') 
and E = C/{iE). It is easy to see that , Q12 are the ramification points of the 
natural map vr^' : C E and Q5i,Q52 are the ramification points of tte '■ C ^ E. 
In particular ZE(Qg) = Qg-, J = 1,2; ^^(Qg) = Qg, i = 2,3,4,5; v(Qg) = Qg, 
j = 1,2; tE'iQfi) = Qg, i = 1,2,3,4. Then the six points Qfj where i = 2,3,4 
and j = 1,2 are fixed by the involution ie^e' and n-p '■ C ^ T = C/{iEiE') is the 
hyperelliptic map. Now we can find a basis {tie^Ve') of H^{C,Q}(j) where rjE is a i^'- 
invariant form and rj^i is Z£;-invariant. If G* = {id, Xi, X25 Xs} where Xi(^-b) = — 1, 
Xii^E') = 1, X2{iE) = 1, X2(^B') = -1, X1X2 = X3 then {r]E) = 14,^,, (77^') = Vi^^,. 
We have construct the Z/2 x Z/2-action on the genus-2 curve C = F. We will 
construct the Z/2 x Z/2- action on D obtained in p.7| . We consider — iP^ = i? and 
E' IP^ = B two 2-to-l morphisms branched on Pi, ...P2m and on Ai, A2 respectively 
and let i-^ : E —>■ E, i^, : E E he the natural involutions. Denote by D the 
normalization of E E; the natural map p2 :D-^-BisaG = Z/2xZ/2- cover and 
H^{D,fl]j) = V\^xi ® ^i,X3- -'■^ ^^^t it is easy to find a basis (ai, ...,Q;2m-i) such that 
(ai, = Vi^^^a = and (a^, a2m-i) = V2,X3 = if°(f,rii) where 

r = Dj^i-^i-^i). The group G = ((z^;, zg), (i^/, 7^/)) acts diagonally on the product 
surface Z = F x P) and if X = ZjG, H^{X,n]^) = H'^{Z,n^z)^ = 0, H'^{X,nj^) = 
H^{Z,nl)^ = V"i,;^2®1/2,X2; that is if °(X, ill) ^ (?7Aai, ...r^Aa^-i)- Then yields 
a pencil with image the rational normal curve of degree m — 1 and general fibre F. We 
remark that if Ai 7^ Rj, i = 1,2, j = l,...,2m we obtain the family J); if Ai = Ri 
and A2 7^ Rj j = 1, ...,2m, we have //); finally, if Ai = Ri, A2 = R2 then we have 
///). We can carry on the explicit computation of the nodes occurring in each family. 
We recall that pi^{Qi) = {Qii,Qi2}, i = 1,...,5 and we set p2^{Rs) = {Rsi,Rs2}, 
P2^{Ar) = {Ari,Ar2} whcrc s = l,...,2m, r = 1,2. Then (ig) = Gq^^ = Gq^.„ 
(v) = Gqsi = Gq^2, {^e^e') = <^Q>i = <^Q.2' ^ = 2,3,4. Now it easy to see that 
in /) (z^/) = GArt, r,t = 1,2, (i^) = Gr^-, = G^^^, s = l,...,2m which implies 
t = 8 + 8m. In //): (z^,) = Ga,„ t = 1,2, = Gr^, = Gr^,, s = 2, ...,2m, 

= Gr^^ = Gr^^, t = 12 + 8m. In III): = Gr^^ = Gr^^, s = 3, ...,2m, 
{^e''^e^ ~ ^Rii ~ ^Ri2 = ^i?2i = ^^22) i = 16 + 8m. H 



4 g{F) = 3 

The classification of infinite families of G-sandwich canonically 3-fibred surfaces is 
more difficult than the genus -2 case. Moreover there are many new cases with a rich 
structure. The following lemma is the analogue of |3.2| : 

Lemma 4.1 Let G be an Abelian group acting on a smooth genus-3 curve F with 
quotient A. Let rj G H^{F,Q}p) he a 1-form such that div(r7) is a G-invariant divisor 
and let H^{F,flp) = Q)xeG*Vi,x ^^e decompositions into subspaces where G acts on 
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Vi^^ via the character x- Then the following cases occur: 



9iA) 


G 




2 


z/2 




1 


Z/2 




1 


Z/3 


Vi^id © vi,x © Vi^^2 


1 


Z/4 


Vi,id © Vl,x © V\,x3 


1 


Z/2 X Z/2 


Vi,id © Vl,xi © V1,X2 





Z/2 







Z/3 


^i,x © ^i,x2 





Z/4 


^i,x © ^i,x2 © '^i,x3 





Z/4 


^1,X © ^i,x3 





Z/2 X Z/2 


^1,X1 © ^1,X1X2 © V1,X2 





Z/2 X Z/2 


^i,xi © Vi,X2 





Z/6 


^i,x © '^i,x3 © Vi,x^ 





Z/6 







Z/7 


^1,X © '^i.x^ © '^i,x* 





Z/7 


^i,x © ^i,x2 © '^i.x^ 





Z/8 


^i,x © ^i,x2 © '^i.x^ 





Z/8 


^i,x © ^i.x^ © '^i.x^ 





Z/2 X Z/4 


^1,X1X2 © ^1,X1X? © ^1:X2 





Z/2 X Z/4 


^i,xiX2 © n,xix? © ^i,x? 





Z/2 X Z/2 X Z/2 


^1,X1()0 © ^l.xoio © ^l.xooi 





Z/9 


^i,x © '^i,x=^ © ^i.x" 





Z/12 


^i,x © ^i,x2 © yix' 





Z/14 


^i,x © ^i,x3 © yi,x^ 





Z/2 X Z/8 


n,x3 © n,x,X? © ^1,X2 





Z/4 X Z/4 


^l,Xi © ^1,X?X? © ^1-X2 



(7) 



where x a generator of {'K/dy if d = 2, 3, 4, 6, 7, 8, 9, 12, xi, ^2 generate (Z/ax Z/6)* 
i/(a,6) = (2, 2), (2, 4), (2, 7), (2, 8), (4, 4) anc? xioo, Xoio, Xooi generate (Z/2 x Z/2 x 
Z/2)*. 

Proof. The proof is straightforward but long. It requires two basic ingredients: a stan- 
dard Hurwitz's argument, plus the realization of G as a F-quotient via a homomorphism 
with torsion free kernel, where T = {ai,bi, ab,bb, xi, Xm \ Il'i=i[^ijbi]^i ' ' ' = 
xl^ = ■ ■ ■ xf^ = 1), < 6 < 2, Ci, is the ramification index of each Pij E ii^^iQi) and 
Qi, Qm G A are the branch points of tt : F A = F/G. H 

We consider a surface S with Pg ^ and genus-3 fibre of the canonical pencil / : 
S ^ B. We call b the genus of B and q = q{S) the irregularity of S. From we 
have to consider the last four cases in the table (H): A^'^ i.e. q = b = 0; A^-* i.e. q = I, 
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6 = 0; i.e. q = 2, b = 0; B^^^ i.e. q = b = 1. We divide our classification-proof into 
two parts: | G |< 8 and | G |> 8 

4.1 |G|<8 

Tlie examples of surfaces with isotrivial canonical pencil with genus-3 fibre and Pg ^ 
existing in the literature, as fas as we know, are G-sandwich canonically 3-fibred 
surfaces with a Z/2- action or a 2/2 x 2/2- action. As a by-product of our classification 
we will see that all G-sandwich canonically 3-fibred surfaces with Pg ^ and | G | < 8 
have G = Z/2 or G = Z/2 x Z/2 or G = Z/2 x Z/2 x Z/2. 

q=b=0, g=3: The surfaces constructed in this section are all new. In fact the case 
g = 6 = is the richer and the harder one. 

Proposition 4.2 If S is a G-sandwich canonically 3-fibred surface on a rational curve 
with I G |< 8, q{S) = 0, Pg{S) = m — 1 > 3 then S is the minimal desingularization of 
X = Z/G where G acts diagonally on Z = F x D, g{F) = 3, X has t nodes and S is 
in one of the following classes: 
Case G = Z/2 X Z/2.- 



Case G 



/) 


9iD) = 


--2m -I 


j\g — 


8x{Os) 




t = 


-- 16 


11) 


9{D) = 


--2m -2 


j\g — 


SxiOs) 


- 12 


t = 


: 24 


III) 


9{D) = 


--2m -3 


j\g — 


SxiOs) 


- 16 


t = 


: 32 


z/2 


X Z/2.- 
















9{D) = 


4m + 1 


Kl = 


SxiOs) 




t = 





a) 


9{D) = 


4m — 1 


Kl = 


MOs) 


-4 


t = 


16 


Hi) 


9{D) = 


4m — 3 


Kl = 


MOs) 


-8 


t = 


32 


iv) 


9{D) = 


4m — 5 


Kl = 


MOs) 


- 12 


t = 


48 


v) 


9{D) = 


4m — 7 


Kl = 


MOs) 


- 16 


t = 


64 



Proof. We have to consider groups G in table with | G |< 8 and g{A) = 0. In 
fact we have to classify all the G coverings D ^ D/G = B IP^ such that the 
induced decomposition II'^{D,fl]j) = Q)xeG*V2,x satisfies the two conditions in p73 



Now G = Z/2 does not occur since dimVi^id = 0, dimV2,id = and dimVi^_id = 3, 
dimV2,_id > 1. G = Z/3 does not occur. In fact we have to solve the system (|^) 
which becomes a simple system with integer coefficients; we can assume dimV2,-^2 = 
where G* = (x)- Then it leads to the following solution: 1 = dimV2,x = 9{D) = Pg{S); 
= dimV2,;^ = g{D) = Pg{S)] which corresponds to a surface not of general type. By 
the general theory of Abelian covers D ^ B = Df^/A is given through C^, C^^, C^a G 
Pic{B) and three effective divisors Di, D2, -D3 such that: 
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C^2= 2C^-D2-D3 (8) 
C^3 = 3i2^ — D2 — 2Z)3. 

We have to consider the two Z/4-action in the table (0). If H°{F, n],) = Vl,^ © Vi^^2 © 
Vi^^3, then we can assume dimV2,;^;3 = that is deg(£^3) = 1. Since D ^ D/G = B 
is connected we have deg(£^2) > and deg(£^i) > 0. Then g{D) < 1 i.e. S is not of 
general type. If H°{F,np) = Vl,^ © Vi^^s with dimVl,^ = 2 then dimV2,x3 = 0. More- 
over deg(£^2) > 0. Then we obtain i) deg(£^2) = 1, deg(£^) = 2 or ii) deg(£^2) = 2, 
deg(£^) = 3. Then g{D) = 3 and the minimal desingularization S has Pg = 2. 

The case G = Z/2 x Z/2. 

We recall that the stabilizer G{P) of a point P & Z is the trivial group or G{P) = Z/2. 
In particular by |2.6| the minimal resolution S —>■ X = Z/G is the blow up of the t nodes 
of X and 5* is minimal. We want three reduced divisors Di, D2, -D3 and three line bun- 
dles on iP^, C^-^ '^xiX2 which satisfy the system (|^). Set m = deg(£;^J and we 
easily see that we obtain the desired solutions. 

If G = Z/6 = Z/3 x:^/2 = H X K, G* = (x), H* = (0), K* = {ip) where x\h = (j) 
and x\K = "0 by ||11|| [Proposition 2.1 and 2.15]we have to solve 

' = D^ + 2D^ + AD^2 + 3D^ + 5D^-i 

C~^2 = 2/2^ — D^2 — — -D-^-i 
< £^3 = 3£^ -D^- D^2 -D^- 2D^-i (9) 
Cy.4, = AC^ — — 2D(f,2 — 2D^ — ?>D^~i 
= 5/2^ — — 3D^2 — 2D^ — AD^-i 

Looking to the two actions in |^ we easily see that we can assume that V2_^5 = that is 
deg(£^) = 1. Then it is obvious that Pg{S) is small. A brute computation shows that if 
H%F,nl,) = Vi,^®Vi,^,®Vi,^s then H%D,n]j) = V^2,x©V^2,x2 ©V^i.x^ with dimVs.x = 2 
dim^a.x^ = dim^a.x^ = 1, ^(^) = 4, Pg{S) = 2 and if H%F, Q^p) = Vi,^ © Vi^^2 © Vi^^5 
then H'^{D,Q]j) = V2.X © ^2,x2 © '^\,x' with dimV2,x = dimV2,;^2 = dimV2,^3 = 1, 
gip) = 3, Pg{S) = 1 or H'^{D',n]y) = Vg.x © V2,x^ © V^^^^ with dimVs.x = 2 dim^.x^ = 
dimV2,^s = 1, giD) = A, pgiS) = 2. 

The cases G = Z/7 or G = Z/8 or G = Z/2 x Z/4 have no solutions. 
The case G = Z/2 x Z/2 x Z/2: 

Let G = i^ioo X Hqiq x Hqqi, G* = {Xijk} U {id} where Hij^ — Z/2 are the 7 non-trivial 
subgroups and Xijk are the non-trivial characters of G with the obvious notation. We 
want divisors Dijk and line bundles Lijk on iP^ such that 
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2/^100 = 


-Dioo 


+ ^10 


+ ^101 


+ 1^111 


2-^^010 = 


-Doio 


+ Dno 


+ ^011 


+ Diu 


2-^^001 = 


-Dooi 


+ ^101 


+ ^011 


+ All 


-^iio = 


-^100 


+ -^010 


-Duo 


-D^u 


-^lOl = 


-^100 


+ -^001 


- Aoi 


-D^u 


-^Oll = 


-^010 


+ -^001 


-Don 


-D^u 


-^^iii = 


-^100 


+ -^^010 


+ -^^001 ■ 


- Dno - 



(10) 



D 



101 



oil 



D 



111 



Set djjf. 



degDijk in the case of a G-action on F and df^j^ 



a G-action on D. We recall that d^ 
Hijk where P 



degDijk in the case of 
Ajj;, is the number of points Q on Cg such that the 
stabilizer Gp = Hijj, where P G Tr^^iQ) and tt^ : ^ Cg is the 2/2 x Z/2 x Z/2- 
Galois cover, s = 1, 2. The G-action on a genus-3 curve F with it : F —>■ F/G = A = 
IP^ is unique and it is described by the following numbers: dl^Q = dl^^ = d^^^ = 
^110 ~ '^011 ~ '^101 ~ 1' '^111 ~ 2. By table (|^ and theorem we can assume 
deg^oio = deg^ooi = 1 in the system ([T0|). Moreover since D is connected deg£jjfc > 1 



for every triple 
curve D are: 



, j, k). Then we can easily solve (|T^) and the desired G-actions on a 






d^ 
"ill 


~ "oil 


~ "lOl 


~ "no 


= 0, 


"oio 


~ "ooi 


= 2, 




"lOO ~ 


2m 




ii) 


"ill 


~ "oil 


- d"^ 

— "lOl 


= 0, 




"no 


~ "oio 


- 1 r/^ 

~ -'-5 "OOl 


= 2, 


"lOO ~ 


2m — 


1 


in) 


"ill 


~ "oil 


= 0, 






"lOl 


~ "no 


~ "oio ~ 


d^ - 1 
"ooi ~ 


"lOO ~ 


2m — 


2 


iv) 


"ill 


~ "oio 


~ "ooi 


= 0, 




"no 


~ "lOl 


~ "on ~ 


1, 


"lOO ~ 


2m — 


2 


v) 


d"^ 
"ill 


~ "oio 


- d"^ 

— "ooi 


- d"^ 

— "on 


= 0, 


"no 


~ "lOl 


= 2, 




d"^ - 

"lOO ~ 


2m — 


4. H 



4.1.1 A geometrical construction of the families of |4.2 

We will show a geometrical procedure to construct the families found in O 



The case G = Z/2 x Z/2: 

we start with A = B = IP^. Let vr : G ^ IP^ the 2 : 1-cover induced by the hy- 
perelliptic involution ji : G — >• G on a genus-2 curve and let Wi,...,Wq G G be the 
Weierstrass points. Set vr(PVj) = Ai i = 1, ...,6. Let E — > IP^ the 2 : 1-cover branched 
on Ai, A2, A3, Ai^ and ii : E —>■ E the induced involution on the elliptic curve E. The 
group (ii) X (ji) ~ Z/2 X Z/2 acts on the fibre product G x jpi = F in the obvi- 
ous way, T = F/ {iiji) is the 2 : 1-cover F — > iP^ branched on A^, Aq, F/ (ji) = E, 
F/{ii) = C. Let G* = {id, Xi, X2, Xs} where xs = Xi <=> X2 Xiih) = -1, Xi(ji) = 1, 
X2{^l) = 1, X2{ji) = -1 then H%F,n^^)^= V,,^,(BV,,^, where V,,^, = {r]) ~ H%E,n],), 
V'l.xa = (yUi,/U2) ^ H%C,nl.). Let ^ : G ^ iP\ E ^^iP^ be two 2 : 1-cover branched 
respectively on i?i,...,i?2m and on Qi,Q2', then 5'(G) = m — 1, = . Let 

i2 : C ^ C , 32 '■ E ^ E the induced involutions. The group (i2) x (^2) acts on the 
fibre product C Xjpi E = D and F = F/ {i2j2) is the 2 : 1-cover F — IP^ branched on 
Qi, Q2, Ri, ■■■R2m, then g(T) = m and D ^ F is unramified. In particular H^{D, = 



2,Xi 



V2,X3 where V2, 



XI 



(tti. 



...Ctr 
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Consider Z = F x D with the G-action given by where i = {ii,i2), j = (ji,j2)- 
In particular on X = Z/G there are the 16 nodes obtained by the 16 points of Z with 
stabihzer (j). Since = H'^iZ, = [{Vi,^, © V1,^J ® Ka.xi © V2,^,)f then 

if°(X, = Vi,^i ® V'2,xi) = {?? A «!, ...,7] A that is X is the family /) of |]2 



The families /J) and ///) are obtained by a degeneration argument. In fact if the 
point -Ri coincides with Qi we have II) while ///) is given by the conditions: Ri = Qi 
and i?2 = <52- 



The case G = Z/2 x Z/2 x Z/2 

We consider the Z/2 x Z/2-action on a genus-2 curve C which gives the three families 
of G-sandwich canonically 2-fibred surfaces on a rational curve with q{S) = described 
in section |3.1| . With the same notation there let p^" : E ^ A = be the Z/2-cover 



branched on Q2, Qs and let i^n : E E be the corresponding involution. The group 



') X (^e) X {^e') ^ct^ normalization of the fibre product F 



easy to see that C 



E XaC = 

E" Xa E Xa E' and let TVpF ^ A he the Z/2 x Z/2 x Z/2-Galois cover. We set 
T^F^iQi) = {Qii, Qi2, Qi3, Qi4}, in particular npiQi) = 2Qii + 2Qi2 + 2Qa + 2Qi4- It is 
F/{tE")^C' = F/{ie) = E" XaE and C" = F/(v) = E"xaE' 



genus-2 curves and that Qi = DIq^, Q2 + = -Din, Qi = -Dqh, Q5 = Dl^o 



E XaJ^ are 
Moreover 

we can find a basis {ri,ri ,1] } of II^{F,Qp) such that {f] ,ri ) = H'^{C,Q}j), {i],ri ) = 

H%C',nl,), {v,v') = H\C'\nl„). Then K,x.oo = (^), ^i,xo.o = (V), K,xooi = (V')- 
We have described the Z/2 x Z/2 x Z/2-action on F. We will construct the suitable 
G-action onD. Let B ^ B , B' ^ B , B" ^ B he the Z/2-covers of B = branched 
on {^010,^^}, {Ar,^r} and {Ar,-,^2m} respectively and two : B" ^ S", 
ioio '■ B ^ B, iooi '■ B ^ B the corresponding involutions. Let D = B x ^ B x ^ B 
then G = (iioo, ^010, «ooi) acts on D. We set Gioo = /^/(^loo), C'oio = ^'/(ioio), C'ooi = 
D/{tooi). Then Gioo is elliptic and Gioo ^ B is branched on {A'l^^ , Af^ , Af^\ A^^^} 
while g{Coio) = (7(Gooi) = 2m — 1 and Goio B, Gqoi ^ B have branch locus respec- 
tively {^r, u {^r, ^2m } and {^r, u {^r, ^ 

basis (e) U (ai)i=i,...,m-i U (/5j)j=i,...,„ U (7r)r=i,...,m U (5s)s=i,...,m+i of such 
that G acts in the following way: 





^100 


^010 


^001 


e 


e 


— e 


— e 


a 


—a 


a 


a 




-/3 




-/3 


7 


-7 


-7 


7 


5 


-5 


-6 


-5 
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in particular V2. 



Xioo 



(ai, 



m—l 



),V2, 



XOlO 



0, \4 



2,X00i 



0. Now it is easy to construct 
aG = Z/2xZ/2x Z/2-action on the product Z = F x D such that X = Z/G, 
H\X,^l\) = H'>{Z,nlf = ® \/2,xioo) = A ai, ...,77 A and S = X/G 

is the surface with Pg{S) = m — 1 of type i) in We can obtain the other surfaces 



in [4.2| with a Z/2 x Z/2 x Z/2-action through a degeneration argument similar to the 
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previous one in the 'S./2 x 2/2-case. 



q=l, b=0, g=3: as far as we know the only examples of isotrivial canonical fibra- 
tions with g = l, 6 = 0, (? = 3 are in |2^, see also p and ^j. Here we will give the 



complete classification of G-sandwich canonically 3-fibred surfaces on a rational curve 
with pg{S) > 0, g = 1. 

Proposition 4.3 If S is a G-sandwich canonically 3-fibred surface on a rational curve 
with q{S) = 1, Pg{S) = m — 1 > 2 then S is the minimal desingularization of X = Z/G 
where G = Z/2 x Z/2 acts diagonally on Z = F x D, g{F) = 3 and S is in one of the 
following classes: 



I) 9{D) 
II) 9{D) 
III) 9{D) 



2m - 1 K^s 



2m 
2m 



2 Kl 

3 Kl 



Sx{Os) t = 
8x{Os)-A t = 8 
8x{Os)-8 t=16 



Proof. It is easier than the proof of |4.2| . In fact g{A) = 1 and by the table (|^) 
we have to classify all the G-coverings D ^ D/G = B c:^ IP^ where G = Z/2 or 
G = Z/3orG = Z/4orG = Z/2xZ/2 such that the induced decomposition 
H'{D,n],) = 
G = Z/3, G 



(BxeG*y2,x satisfies the two conditions in p73| . We exclude G = Z/2, 
Z/4 by a simple computation as in [4.2|. Assume G = Z/2 x Z/2. We 



want three reduced divisors Di,D2,Ds and three line bundles on IP^, C^i, C^^-, l^xixi 
under the constraints deg(£^2) = 1, ^q^^C-xxx-i) — 1- Set m = deg(£^J and we easily 
solve the system (|) which gives the desired solutions H 



4.1.2 The three families of proposition |4.3| : a geometrical construction 

We want to construct a Z/2 x Z/2-cover tti : F A on the elliptic curve A. Let 
C ^ A he the 2-to-l cover branched on P,Q e A, 7rf^(P) = Pi, n^^{Q) = Qi 
and set C another copy of C; call ic '■ C ^ G and i^' : G — C the associated 
involutions, let u : F ^ G xa G be the normalization map and set {Pi, Pi} = 
z/-i((Pi,Pi)), {QiQj} = iy-HiQi,Qi)). Obviously Z/2 x Z/2 = {z^vl.acts on 
F and it interchanges P^ with Pf and Q\ with Qi. In particular F = F/{iiji) is an 

elliptic curve, i/°(P,l^^) = Vi,id© V^i.xi © V^i,x2, V^i,id © l^i^xi = V^i.id© V'l.xa = 

ffO(G',fi^,), 14 id = H%T,nl). Now consider vra : C ^ iP^ = P a double cover 

branched on Pi, points and let C' ^ P be the double cover branched on Ai,A2. 
Then the normalization V : D G XbG is a 2-to-l covering of G and g{D) = 2m — 1. 
If i^ : G ^ G and i~, : G' G' are the associated involutions then Z/2 x Z/2 = 
{i7^,i~} acts on D and F = D/{i~i~) is branched on Pi, P2m, ^i, ^2 and it has 
g(T) = m. Then with the standard notations we have H^{D, Q]j) = V2,x\ © ^,X3 where 
y^^^^ = H^(C, fiL) , V2,X3 = H°{T, ^~)- Let Z = FxD,\etGxZ ^ Z he the'diagonal 
action where G = {{icig)) x ((%',«-,)) and X = Z/G. By the proof of |2]^ we see 
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that H^{X,Q'j^) ~ V2,xi that is ^\Kx\ is composed with the rational pencil 

f2'-X—*B and X is in the class I) of |4.3| . The classes //) and ///) can be obtained 
by a degeneration argument from the class J). In fact if Ri = A\ we have //) and if 
i?i = Ai, i?2 = M we have 111). 



q=b=l, g=3: In Jl^ Xiao constructed an infinite family of Z/2 x Z/2-sandwich 



canonically 3-fibred surfaces on an elliptic curve. In the following proposition we will 
classify all the G-sandwich canonically 3-fibred surfaces with q = b = 1, Pg{S) ^ 0. 
In particular we will show that a) the family of Xiao is the only Z/2 x Z/2-infinite 
family; b) there is also aZ/2xZ/2x Z/2- infinite family. 

Proposition 4.4 If S is a G-sandwich canonically 3-fibred surface on an elliptic curve 
with Pg{S) = m > 2 then q{S) = 1, S = Z/G where G acts diagonally on Z = F x D, 
g{F) = 3 and S is in one of the following classes: 
Case G = Z/2 X Z/2; 

J) g{D) = 2m + l Kl = 8x{Os). 
Case G = Z/2 x Z/2 x Z/2.- 

//) giD)=4m+l = 8xiOs) 

Proof. Since q{S) = 1 and the fibre of the Albanese map is connected, we have 
that f2 : D ^ B = D/G is the Albanese map g{B) = 1 and g{A) = 0. By (g) 
we have to consider all the G actions on D such that the induced decomposition 
H'^{D,Q\)) = ®xeG*V2,x satisfies the two conditions in |2]^. We can exclude all the 
cases with the exceptions of G = Z/2 x Z/2, G = Z/2 x Z/2 x Z/2 as in | 



The case G = Z/2 x Z/2. 

We consider the system (j^) adapted to our hypothesis. By the first Z/2 x Z/2-action 
on F we obtain that C^i^ '^X2 '^xiX2 non-trivial, torsion line bundles, then 
g{D) = 1, i.e. S is not of general type. Let us consider the other Z/2 x Z/2-action 
on F. /^From (^) we obtain that £^2 ^ non-trivial torsion line bundle on the elliptic 
curve B and C^i + '^X2 = '^xiX2 where degC^i = Then we have an unique solution 
and g{D) = 2m + 1. 

The case G = Z/2 x Z/2 x Z/2. 

Since H°{F,Q},) = Vi,;^,^^ © ^i,xoio ® ^i.xooi' ^e can require ^2,^010 = V'2,xooi = and 
dimV2,xio(, = Pg{S) = m > 1. We maintain the notations of the system (|TDp and it 
follows that Loio,-^^ooi and Lqh are three distinct, non-trivial 2-torsion bundles on the 
elliptic curve B. Moreover Luq = Lioo + Low, -^101 = -^^loo + -^001, Lm = Lioo + Lqu. 
Then dimV2,xioo = ^^^^2,xiio = dimV2,xioi = dimV2,xiii = m and g{D) = 4m + 1. H 
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4.1.3 Geometrical construction of the two families of proposition 



The case G = Z/2 x Z/2 : 

The action G x F ^ F has been described above; see [4.1.1| . Let tt : G ^ B, 
g{B) = 1 be a 2 : 1-cover branched on i?2m, let — > -B a 2-to-l unram- 

ified covering, g{E) = 1 and we denote hj i2 : C ^ C, j2 '■ E ^ E the in- 
duced involutions. On the fibre product E Xb C = D acts the group {12) x (j^) = 
Z/2 X Z/2 and F = Z)/(i2j2) is an unramified 2-to-l cover T ^ B. We can easily 
find a basis {ai, ...am', Pi, ■■■Pm', ^) = H'^ (E) , Q]-,) such that if°(C,fi~) ^ {ai,...am',€), 
H^(E,^l~) ~ (e) ~ i7°(r,fii) ^ and (Pi, ...Pm', ^) is also ^2 anti-invariant . Moreover 
V2,xi = {ai,--,oim), y^.xi = {Pi,--,Pm), V2,id = (c)- Couslder Z = F x D with the 
G-action given by where i = {ii,i2), j = (ji,j2) and let S = Z/G. The action 
is free and since H%S,nl) = H%Z,nl)^ = [(Vi,^^ © ® ¥2,^, © ^2,xi2)]^ then 

H^{S, fix) = Vi^^^ ® V2,xi) = {^7 A •••)''? A «m}; that is yields a pencil with 

image the elliptic normal curve of degree m. 

The case G = Z/2 x Z/2 x Z/2 : 

We have constructed the suitable Z/2 x Z/2 x Z/2- action on the genus-3 curve F in 
|4.1.1| . It is easy to produce the action on D. In fact Let B ^ B the 2-to-l cover of the 
elliptic curve B branched on 2m points {A}^^}i=i^,,,2m and let B ^ B, B ^ B he two 
distinct Z/2-unramified covers of B. Let iioo . B ^ B , ioio '. B ^ B, iooi '. B ^ B 
be the corresponding involutions, li D = B x^ B Xg B then G = («ioO) "^oioi "^ooi) 
acts on D. We set Cioo = /^/(iioo), C'oio = ^/(^oio), C'ooi = ^/(^ooi)- Then C^oo is 
elliptic, while 5'(Coio) = 5'(Cooi) = 2m + 1 and Cqio — > B, Cqoi — * B have branch locus 
{Al^^}i=i 2m- It is now easy to see that the decomposition ©xgG*^2,x the diagonal 
action on the product surface Z = F x D satisfy ^.3| and they produce the G-family of 
O. 



q=2, b=0, g=3: in [Example 2], Beauville constructed an infinite family of sur- 
faces with q = 2, canonical map composed with a pencil and non-surjective Albanese 
map. In ||^ [Theorem 3.6] Konno showed that this family is essentially unique: that 
is if S has canonical map composed with a pencil, q = 2, pg > 8 and non-surjective 
Albanese map then S is the example of Beauville. In the following proposition we give 
a simple proof of Konno's result in the case of G-sandwich canonically fibred surfaces. 
We remark that we does not assume g = 3. 

Proposition 4.5 If S is a G-sandwich canonically fibred surface with q{S) = 2, 
Pg{S) = m > 2 then S = Z/G where G = Z/2, the group acts diagonally and freely on 
Z = F X D, g{F) = 3, g{D) = m, F/G = A has genus 2, the base D/G = B of the 
canonical fibration is rational and Kg = 8x{Os)- 

Proof. Assume that S* is a minimal surface with q{S) = 2 and with canonical fibration 
f : S ^ B with fibre F of genus g > 1. Then Kg = Z + f*{o) where Z, a are effective 
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divisors on S and B respectively and h^{B, Ob{c()) = Pg{S). By |2.4| B is rational. By 
the well-known Miyaoka-Yau inequality we have 



>Kl 



then 2 < g < 5. In particular if S" is a G-sandwich canonically fibred surface with top 
Z = F X D and base Z = Ax B then B = B,3< g{F) < 5, g{A) = 2. It is very easy 
to classify all the Abelian actions with group G such that F/G = A: 



9{F) 


G 


H\FMf) 


3 


Z/2 


^i,id © Vi,x 


4 


Z/2 


^i,id © Vi,^ 


4 


Z/3 


V'l.id © ^i,x © K,x2 


5 


Z/2 


^i,id © Vi,x 


5 


Z/4 


V'l.id © V'i,x © Vi,^2 © Vi^^3 


5 


Z/2 X Z/2 


V'l.id © V^i,xi © yi,x2 © Vl,xi2 



Now we must classify all the G actions on a curve D such that D/G = B and the 
induced decomposition H^{D, Q\)) = ©xeG* V2,x satisfies p73| . It is an easy computation 
to show that only the case g{F) = 3 works and it gives Beauville's family. H 



We have proved the first theorem stated in the introduction. Now we will show the 
second one. 



4.2 |G|>8 

The results showed in this section are new. We will prove that there is a rich geometry 
among the G-sandwich canonically 3-fibred surfaces with | G |> 8. More precisely we 
will show that only the case G = Z/2xZ/8 occurs but it gives many different cases. 

Theorem 4.6 If S is a G-sandwich canonically 3-fibred surface on a rational curve 
with I G |> 8 and Pg{S) > 3 then q{S) = 0, S is the minimal desingularization of 
X = Z/G where G = Z/2 x Z/8 acts diagonally on Z = F x D, g{F) = 3 and S is in 
one of the following classes: 



i) g{D) = ^m-l - A{a + h) pg{S) = m - a <a <1,0 <b <1 

ii) g{D) = 8m~A{a + b-l) pgls) = m + 1 - {a + b) 0<a<2,0<6<l 

Hi) g{D) = 8m + 3-A{a + b) Pg{S) = m - a 0<a<l,0<6<l 

iv) ^(D) = 8m + 8 -4(a- 1) Pg{S) = m + l-a 0<a<2 

where a,b,m E Z^, m > 4. Moreover the action of G is described completely. 
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Proof. We prove the claim by a direct computation. We need to compute all the 
G actions on a curve D such that B = D/G is a. rational curve and the induced 
decomposition H^{D,Q\)) = ®xeG*V2,x satisfies p^ . 

By the standard theory of Abelian covers [see: [|ll|]] we can write the branch locus A 
of pd '■ D ^ B in the following way: A = J2Hec^i>€SH ^■4>,h where C is the set of 
cyclic subgroups of G, Sh is the set of generators of H* for every H E C and D^ h is 
the reduced sum of all points P of D such that H is the stabilizer of a(ny) point in 
p]j^[P) and H operates via ip on the cotangent fibre on P. 
The case G = Z/9: 

let H = Z/3 be the cyclic proper subgroup of G and let (x) = G*, (0) = H*. The 
Galois morphism po '■ D ^ B is given by a line bundle L = on B such that: 

9L = D^ + 5D^2 + 3D^ + 6D^2 + 7D^4 + 2D^5 + AD^? + 8D^s. 

By table (^) we have to consider the following three cases: 

1) dimV2,;^-i = Pg{S) and V2,;^-2 = V2^x~'^ = 0; 

2) dimV2,;^-2 = Pg{S) and V"2,;^-i = ^,^,.-4 = 0; 

3) dimV2,j.-4 = Pg{S) and V2^x~^ = ^^^^.-a = 0. 

On the other hand all these cases differ by an automorphism of G. Then we can 
compute the first action only: By |jll| we have: 

9L =D^ + 5D^2 + 3D^ + QD^2 + 7D^4 + 0^ + 2D^s + AD^r + SD^s 
C^-2 = 7L - 3D^2 - 2D^ - AD^2 - 5D^4 - D^b - 3D^7 - 6D^8 
Cx-4 = 5L - 2D^2 -D^- 3D ^2 - 3D^4 - D^, - 2D^7 - AD^s. 

Let li = degL^., i = 1,...,8, rii = degD^i and = degD^, uq = degD^2. Taking 
degrees, by ^]2| we obtain: 

9Zi = rii + 5^2 + 3^3 + Guq + Tn^ + 2n^ + An^ + Sng 
< I7 = 7/1 — (3^2 + 2^3 + Auq + 5n4 + + 3n7 + Grig) 
h = 5/1 - (2?22 + ns + 3nQ + 3^4 + ns + 2n7 + 4^8) 

Since g{B) = then Zy = Zs = 1 and this implies ni = 0,n2 = nj = 1 or n2 = 0, ni = 
ng = 1; that is g{D) = 0: a contradiction. 

The case G = Z/12: 

let H2 = Z/2, H3 = Z/3, H4 = Z/4, iJg = be the cyclic proper subgroups of G 
and let (x) = G*, (/Uj) = H*. To construct p^, : D ^ B we need a line bundle L = 
on B such that: 

12L = D, + 5D^5 + 7D,r + UD.ii + 6D^AD^, + 8D,2 + 3D^, + 9D„3 + 2D^„ + 10D„5. 
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By ^]3| and table (|^) we can assume degL = 1 = 1, then there are not infinite famihes. 
However we can easily find all these surfaces. Set /j = degL^i. The case ^5 = 1 and 
^2 > 3 does not occur; the case h > 3 and h = I has two solutions: i) degD^ = 7, 
degD^B = I, D^7 = D^ii = Df,, = D^^ = D^2 = D^^ = D^s = D^^ = D^s = 0; ii) 
(iegD^ = 6, degD^^ = 1, degD^s = D^r = D^n = = D^2 = D^,^ = D^3 = D^^ = 
D^5 = 0; both solutions have Pg{S) = 2. 

The case G = Z/14: 

Let H = 2/2, K = Z/7be the cychc proper subgroups of G and let (x) = G*, 
(/i) = H*, (ip) = K*. To construct po we need a line bundle L = such that: 

6 

14L = D^ + bD^i + SZ^^s + llD^g + QD^ii + UD^n + 7D^ + Y, 2iD^2.. 

1=1 

By ^]3| and table (|^) we can assume degL = 1 = 1, then there are not infinite families. 
Moreover both cases 1^ = 1 and h > 3 and ^5 > 3 and 1^ = 1 have solutions, but 
PsiS) < 2. 

The case G = Z/4 x Z/4: 

Let Z/4 ^ Hio = {u\u^ = 1) and Z/4 ~ Hoi = {v \ = 1). We set G = H^q x Hoi, 
Hii = {uv), H21 = {u'v), H12 = {uv^), Hsi = Hi3 = {v'), Tio = {u'), T^i = (v^). 
Til = {u^v"^). If X11X2 generate (2/4 x Z/4)*, the building data of the cover must 
satisfy: 

By table (J^) and by |2]^ we can assume that the action on D has ^^^3 = 0, i.e. 
I2 = degL^2 = 1- Now we face two cases: ^^^s = or ^^^2^3 = 0. The case ^,^2^3 ~ ^ 
i.e. /^2^3 = degL^2^3 = 1 does not occur. If ^3 = that is l^-^ = degL^^ = 1 then 

The case ^ = 2/2x2/8: 

Let T/2 ^ H = {u \ = 1) and T/8 - K = {v \ = 1). We set G = iZ x K, 
H2 = (uv^), K2 = (w^). Hi = {uv^), K4 = {v^), Hs = {uv). If xuX2 generate 
(Z/2 X Z/8)*, the building data of the cover must satisfy: 

i=l,3,5,7 

z — 1,3,5,7 

(13) 

We know that, up to G isomorphisms, the action on F has three branch points on 
A with the following action: d\j^ = degDj/2 = 1) (^k^^t = degDx^pr = 1, (i^^^s = 
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degDj^g^s = 1. To compute the suitable actions on D we can assume V2_^3 = that is 
deg£^2 = 1. Now we have to discuss two cases: V2 (^^^2-)-i = or V^g^-a = 0. 

If V^,(xixi)"^ ~ ^ then deg£^^^2 = 1 and with this condition the system (|^) does 
not have any solution. 

If V^^j3 = then we have to add to (|13D the condition deg£^3 = 1. We set 
deg£^j = m and we find the following solutions: 





Decomposition of H^{D, Q]^) 


d'^ — rl'^ — rl'^ — rl'^ — D 




^2 — ^2 _ j2 _ j2 _ n 

"^401 - "'H4<t>l ~ ^^V-i ~ "'K4i,f - ^ 


^XiXa ^ ^Xixi ^ ^Xixi = + 1 ^ ^H89i5 


- - n 


^xix? ^ ^xix5 ^ ^xix5 = m + 1 - c?^g<^3 


d\^z + (i^g^3 = 1 


^xix^ =m + l- dl^^, - dk^s 


a2 I j2 _ 1 


g{D) = 8m - 1 - A{dk^s + d^^s) 



(14) 



a) 


Decomposition of H^{D, Q\)) 


d\^i = ^Hatpi =02 = 1,5,7 


= 1,2 = 1,3,4,6, /^.= 2, J = 2,5,7 




^xixi = ^xix^ = m + 2 - (i^^^3 - (^^40, 




^xix? = ^xix^ = m + 1 - (i|^4<^j, /xiX2 =m + l 


^Kips + dHs<j>3 = 2 


^xix^ = ^xix^ = m + 1 - d^^^3 


^2 I j2 _ 1 


(7(D) = 8m + 4 - 4(4^^3 + J 




in) 


Decomposition of H^{D, Q]^) 


d'x^i = d^^i = z = 5, 7 


=1,2 = 1,2,3,4,6, =2,j = 5,7. 


(7^ ■ — rl'^ — n 7 — 1 

^Ha^\ ~ '^K41pl — 6 — 1, O 


^XlX2 = ^Xixi = + 1 - '^//2 


^2 I j2 _ 1 


^xix^ = ^xixt = m + 1 - d|^^^3, ^xix^ = m + 1 


dj^^3 + d^fffi = 1 


^xix;1 = ^xix? = m + 2- dj^^^^ - djj^ 


^2 I j2 _ 1 


g{D) = 8m + 3 - 4{dk^3 + dk) 




iv) 


Decomposition of H^{D, Q]^) 


d'x'^i = d^^i = 2 = 5, 7 


= ^xi^' ^xl = = ^xi = 2,^x1 = ^xl = 3, 




^xiX2 ^ ^xixi = ""^ + 1 


"H2 ~ "X2 ~ ^ 


^xix^ = ^xix^ = m + 2- 4^^3, /;,,;,6 = m + 2 


dj^^3 + '^^803 = 2 


^xix^ = ^xix5 = + 3 - c/^g^3 




giD) = 8m + 12 - 4rf^^^3 



(15) 



(16) 



(17) 



It is an easy task to show that they are the claimed ones. Moreover to obtain the 
claimed result in table (||) we have to analize the singularities; a straightforward long 



25 



computation. We remark only that in table appears some entries with the same 
value for pg and g{D), but different Kg. In fact this depends only on the type of the 
singular points. H 



Theorem 4.7 If S is a G -sandwich canonically 3- fibred surface on an elliptic curve 
with I G |> 8, Pg{S) =m>2 then q{S) = 1, S = Z/G where G = Z/2 x Z/8 acts 
diagonally and without fixed points on Z = F x D, g{F) = 3, g{D) = 8m + 1. 

Proof. The same argument as for Theorem |4.6| , but much more easier. H 

We have shown the second theorem stated in the introduction; we will explain how to 

look these new families. 



4.2.1 A geometrical construction of the family of |4.7| 

The families in theorem [4.6| have a rich geometry which should be studied. Here 



we will show the easier geometry of the family in 4.7. We must understand first 



the Z/2 X Z/8- action on the genus-3 curve F whose existence is stated in ^]T|. We 



fix three distinct points Qi,Q2,Q3 € A = IP^ and we consider the 2-to-l cover 
branched on Q2,Q3, Pvi : Ti ^ A and the 8-to-l cover branched on Qi,Q2,Q3, 
pr, : T2 ^ A such that: Pr'(Q2) = Qh PrliQs) = Ql PrliQi) = {^1,^2}, 
Pr'iQi) = Ql PF.'Ws) = Ql Prl{Q2) = {Pf, Pi, Pi, Pi}. If tr, : ^ Ti and 
: r2 ^ r2 and are the generators of the deck-transformation groups of and 
respectively, then the group (zpi) x (^r2) — x Z/8 acts on the normaliza- 
tion F of the fibre product Fi x^ F/{ir-^) = T2, F/iiY^) = ^i- We denote by 
-Kp '■ F A the Galois map and we set: i^f^{Qi) = {^1,^2}, T^p^iQs) = {-81,-82}, 
7r^'{Q2) = {Si,...,S8}. Then G'(Ai) = ^(^2) = (^r^), 0(3^) = ^(^2) = {ir.ir,), 
and G{Si) = («ri«r2)5 — l,---,8. It is easy to see that the three canonical divisors: 
div?7i = 2Ai + 2A2, divr72 = 2Bi + 2^2, div?73 = ^1-^^2-^-61 + 52, give a basis 
{VuV2,V3) of such that: (r/i) = Vi^^„ (772) = V^^^i, (r/3) = V^^^^^2. On 

the other hand the G-action on D with elliptic quotient B is easily obtained from 
the fibre product Fi x^ r2 where Fi — -B is the 2-to-l cover branched on 2m points 
Ri, R2m while F2 ^ -B is an unramified cover of degree 8. In fact it is easy to 
obtain a basis (e) U («i)i=i.'''',m of H^{F^^f) such that: i-e = e, = —a{, 

i = l,...,m,j = 0,...,7, i'-e = e, i%-al = p^aj, i = l,...,m,j = 0,...,7 where p 

^2 r2 

is a primitive 8-root of the unity. In particular V2id = (e), V^^j = 0, j = 0, 7 and 
^xiX2 ~ {<^i~'')j=o,...j, 'i = ^, 'fn- Now it is trivial to see that the Z/2 x Z/8-diagonal 
action induced by the group G = ((zri^fr ), {ir2'^frj) on the product surface Z = F x D 
gives a quotient surface S = Z/G such that: H'^{X,Q]^) = H^{Z,Vl\)'^ ~ (e) and 
H^{X^Vl\) = ^i,xixi ® ^,xiX2 ~ {V3^(^iy-:V3^(^m}- In particular m = pg(S') and the 
image of the canonical map ^\Ks\ is the normal elliptic curve in IpPa-^ of degree Pg. H 
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We end this article with a natural problem: classify all the isotrivial canonical fi- 
brations where the involved group G is not Abelian. 
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